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1. INTR~DuCTI~N 
Our intention in this paper is to show that a theorem of Gallagher on 
the extendibility of representations holds without any assumptions on the 
characteristic of the underlying field. The original theorem of Gallagher 
can be stated thus: 
THEOFCEM 1. Let H be a normal Hall subgroup of a jinite group G. Let F 
be a complex irreducible representation of H which is invariant under the action 
of G. Then F can be extended to a representation of G. 
It is evident from the proof given in [2], p. 572, that Gallagher’s theorem 
also holds when F is defined over an algebraically closed field K of non-zero 
characteristic provided that (deg F, } G: H 1) = 1. This is always the case 
if k has characteristic p and H is p-solvable, a fact noted by Fein in [I]. 
In the absence of the relatively prime situation mentioned above, the method 
of [2] does not obviously extend to deal with fields of arbitrary characteristic. 
We present a proof which shows that Gallagher’s theorem holds whatever 
the characteristic of k may be. The proof is somewhat indirect as we make 
use of virtual representations and deduce the existence of an extension 
by considering the modular decomposition of a complex irreducible repre- 
sentation. Our result can be stated thus: 
THEOREM 2. Let H be a normal Hall subgroup of the finite group G and 
let F be an irreducible k-representation of H, where k is an algebraically closed 
jield of arbitrary characteristic. Then ifF is G-invariant, theye is an extension 
ofF to G. 
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2. BACKGROUND MATERIAL 
We first sketch some of the results found in Section 17, Chapter 5 of [2]* 
y the Schur-Zassenhaus theorem H has a complement M in 6. I?CX each 
nt m of M we define a representation P;“” of H by F”(h) = F(km), 
. As F is G-invariant, F and Fm are equivalent representations. Thus 
there is a matrix D(m) with D(m)-l F(h) D(m) = Pm(h). S&E’s lemma 
may be used to show that D(mn) = ol(m, n) D(m) II(n) for all m, n in 
Mere, CL defines a k-factor set of M. F maybe extended to G if and only 
defines the unit element of the cohomology group d$“(&?, k*), where k* 
is the multiplicative group of k, considered as a trivial P&-module. 
We can define a projective representation P of G by putting P(mk) = 
D(m) F(h) for m in AZ, h in H. P has factor set 01 extended to G. Now if 
is any irreducible k-representation of G whose restriction to 
Clifford’s theorem [2, Theorem 17.5, p. 5671 shows that R is z 
of the projective representation P and a projective representation Pi whose 
factor set is 01-i* We also have P,(h) = I for all h in 6%. Thus PI de 
an irreducible projective representation of M with factos set ~3. If CX, 
hence 01-r, has order Y in H2(M, k*), a simple argument due to Schur shows 
that 7 must divide the degree of Pr . It is proved by taking determinan 
on each side of tbe equality Pr(mn) = a(m, ~.)-r PI(m) PI(n). Thus r deg 
divides the degree of R. 
3. PROOF OF THEOREM 2 
We can suppose that k has characteristic p different from 0. ket CJI be 
the Brauer character of the representation F. It is proved in [3], Theorem 43, 
p. 164, that the class function 0 defined by O(x) = I, where x1 is p’- 
component of x, is a generalized character of H. The proof uses Brauer’s 
characterization of characters. We can thus write 8 = C aixi - C bjxj 
where the xi , xi are complex irreducible characters of N and the CQ i b, 
are positive integers. Now as F is a G-invariant representation, we have 
cp(hm) = v(h) for each p-regular element h of M and any element m of M. 
We now consider, for an arbitrary element x of Pm, the character value 0(x’“). 
If x = xlxB is the decomposition of x into its p-regular and p-singular 
components, xm = 3~~9~~ is the corresponding decomposition of P. Thus 
B(P) = ~(xrnc) = I = B(x), and we see that B is an &T-invariant generalized 
complex character of El. It follows that the irreducible characters of 
which occur as summands of B with positive multiplicity are permuted 
among themselves by M, and the same is true of the characters which occur 
with negative multiplicity. 
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We now partition the characters occurring in 0 into distinct M-orbits. 
Let x be a character in an M-orbit which contains s, say, characters. Then 
if T is the subgroup of M fixing x, j M: T 1 = s and x has s conjugates in G. 
By the original theorem of Gallagher we can extend x to an irreducible 
character r of HT and it is easily seen that TG is an irreducible character 
of G, [2, p. 571, Theorem 17.111. Continuing in this way for every character 
x occurring as a summand of 0, we can construct two representations El , E2 
of G with characters ur , (~a such that q - o, = 8 on H. Let rr , ra be the 
restrictions of or , oa to H. Then rr = C aixi , 72 = C bjxj . 
We next consider the modular decomposition of all the characters or , ~a ,
or , ~a . Since r1 - 7x = q~ on p-regular elements of H, or must certainly 
contain q~ as a modular constituent. It follows that there must be an irreducible 
constituent 6 of a, such that aH contains q~. As g, is G-invariant, aH = QJ 
for some integer t. By our remarks in Section 2 any irreducible Brauer 
character of G whose restriction to H contains y must have degree divisible 
by q(l). Let ,u be the sum of all the Brauer characters of G occurring as 
modular constituents of a, whose restrictions to H contain v, (In forming 
the sum p we take the multiplicities of the Brauer characters into account.) 
Then pLlr = Taq for some integer a. If v is similarly defined for era , vH = rbv. 
But evidently pH - vH = 9, whereas we see that ,uH - v, = r(a - b)p It 
follows that Y = 1 and the factor set has order 1 in H’?(M, K*). We deduce 
that the representation F can be extended to G. 
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